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1. True or False.

s - {1 878

o lim (2 =0#£1
n— o0

o lim f(x) does not exist.
n—0

Solution: False

By definition of limit of function, we don’t need to consider the value of f
at 0

Vz which 0 < |z — 0| <, |f(x)] = |z| <€

and therefore lim f(z) =0
n—0

(b) Let f be a uniformly continuous function
Ve > 0, 30 > 0 such that V x, y which |z — y| < 0, then |f(z) — f(y)| <e
Pick any 2/, ¢ € R, WLOG, assume x’ < 3/

if |y — 2’| = (n+r)d where r € [0,1)



2014-2015 Term 1 MATH 2055 2

£~ FW =17 — '+ L2 4 fw L0 iy
< 1)~ fa+ LD 5w+ L2 )
<erlfe+ L) sl
= 1+ L) g+ 2Dy e )y gy
<oet i@+ 8 gy
< e = (T o4 13) < ({00 + 109
<)y -

.3 constant M such that Vz” , v € R, |f(z") — f(y")] < M|z" — ¢

Solution: False

There are trouble when |2” — y"| < d,ie, n =10

The second last inequality is wrong.

This question show that uniformly continuity cannot give a bound on the ”
slope ”

counter example: f(x) = /() on [0, 00)

if M exists, WLOG, we can assume M > 1,

() = F(O)] = 57 > M55 — 0|

which lead to contradiction.

But f is uniformly continuous.

As f is continuous on [0, 1], therefore f is uniformly continuous on [0, 1]

Ve > 0, 307 such that for all z,y € [0, 1] where |z —y| < 01,

we have |f(x) — f(y)] < ¢€/2
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on [0, 00), for all z,y € [0,00) where |z — y| < €/2,
| <|lr—y|l<e/2

we have [f(z) — f(y)| = V7 — /Yl =

let 6 = min{dy, €}

Pick any a/,y’ € [0, 00) where |2/ — ¢/| <0,

by above argument, if both z/,y" € [0,1] or both 2’,y" € [1,00), we have

1f(@) = fly)] <e

WLOG, we can assume 2’ < 3/, if 2/ € [0,1] and ¢’ € [1, 00)

[f () = FO = [f (=) = F() + £(1) = £l
< |f@) = FOI+ 1) = £y
<€/2+¢€/2=c¢

therefore f is uniformly continuous on [0, co)

2. If f is a periodic continuous function ( 3 constant T such that f(x) = f(T' +x) ) ,
then f is uniformly continuous.
Solution:
As f is continuous on [0, 7, therefore f is uniformly continuous on [0, 7]
Ve > 0, 36 such that for all x,y € [0,T] where |z — y| < 4,
we have |f(z) — f(y)| < ¢/2
WLOG, assume 6 < T
V" y" € R such that |2” — y"| < 0, there are only 2 cases
Case 1, there exists natural number n such that z”,y"” € [nT, (n + 1)T]
2 —nT,y" —nT €0,T]

[F(&") = fy") = 1f(@" = nT) = f(y" = nT)| <¢/2
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Case 2, WLOG, we can assume z” < y”. if there exists natural number n’ such
that 2" € [(n' — 1)T,n'T| and y" € [n'T, (0’ + 1)T]

f(") = f) = [f (") = f(n'T) + f(n'T) = f(y")]
< |f@") = F T+ [f(0'T) = f(y")]
<€/2+€/2=c¢

therefore f is uniformly continuous.

if z =" where m, n are relatively prime
if x is irrational

3. Let f(x) :{ §

Prove that { is continuous at 0.

Solution:

Ve > 0, Vx where |[x — 0| < ¢

case 1, if x is irrational or 0,

[f(z) = f(0)] =0 <e

case 2, if z = " where m, n are relatively prime
[f(@) = fO =I5 < =le—0] <e

therefore f is continuous at 0

4. Let {fix} be a sequence of function and f is a function, such that
Vz, lim fi(z) = f(2)
k—o0
Moreover, Ve > 0, 39, such that Vk, if |z — y| < ¢,

then |fu(z) — fu(y)| < e

Prove that f is uniformly continuous.
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Solution:
the idea is that for fixed 2 point x and y, we can find large enough N , such that the
function value are near at x and y
Ve > 0, 36 such that Vk, if |x — y| < 0, then |fr(x) — fr(y)| < €/3
now, x and y are fixed.
because lim fi(z) = f(z)
k—o0
therefore 3N, such that Vp > Ny, |f,(x) — f(z)| < ¢/3

because lim fi(y) = f(y)

k—o00

therefore AN, such that Vg > Na, |f,(v) — f(y)] < €/3

let N = max{N;y, Ny},

|f(x) = fW)] = f(x) = fn(z) + fn(x) = fn(y) + In(y) — W)
<|[f(z) = fn(@)| + |fn(z) = In@)] + [ fn(y) = f()]
<e€/3+€/3+¢€/3=c¢

therefore f is uniformly continuous



